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Abstract 

In this paper, we construct a supersymmetric composite axion (c-axion) 
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1. Introduction 

Sometime ago tlie composite axion idea was suggested so that it is the minimal 
extension of the standard model at low energy, i.e. the addition of just one pseudoscalar 
field a. In this composite axion {^^c-axion") model, one introduces an additional confining 
gauge group at the scale Ah ~ 10^^ GeV. In supersymmetric theories, this confining gauge 
group can be the hidden sector gauge group needed for supersymmetry breaking. 

Generally, the supersymmetric extension of c-axion is very much constrained because 
one needs a superfield, transforming nontrivially both in SU(3)c and in the hidden sector 
gauge group SU(N), which will be called the Q field. Q contributes positively to the QCD 
/3-function, which can lead to phenomenological difficulties such as in sin^ 9^ and ac- But the 
most urgent requirement for Q is that it does not destroy the asymptotic freedom of QCD 
below the scale A^. Here, we impose this asymptotic freedom condition for QCD. Indeed, c- 
axion in a supersjTiimetric preon model has been considered in the literature 0. Dynamical 
symmetry breaking with strong gauge groups is an old idea under the name of "moose" , 
but it was not possible to draw exact results without supersymmetry. Supersymmetric gauge 
theories offer more accurate predictions. 

In this paper, we study a possibility that the supersymmetric QCD is a dual theory of 
a supersymmetric SU(M) gauge theory. It shown that a c-axion is generated in this dual 
description, but our c-axion is different from that considered before in Ref. 0. 

For the number (Nj) of flavors in SU(M) between M + 1 and 3M, there can be a dual 
theory We consider the possibility that the dual description is more appropriate below 
a scale A. For Nf quarks Q^i and Nf anti-quarks Qf with I = 1, 2, ■ ■ ■ , Nf, the standard 
global charge assignment is 

V A R 

Qai 111 (1) 

-1 1 1 

from which SU(A^/)lxSU(A^/)j? and two anomaly free U(l)'s, U(l)y and U(l)j=., survive 
below A, where 

M 

R-B--A. (2) 

We will use this observation throughout the paper. 

We assume that QCD, the dual description of SU(M), has a perturbative coupling con- 
stant below the SU(M) scale A2 and also it is asymptotically free below the SU(N) confine- 
ment scale Ai. For c-axion, one must study the dual of SU(N)xSU(M) where we interpret 
SU(N) as the confining force at the hidden sector scale and SU(M) as the source of QCD. 
The general properties of SU(N)xSU(M) has been studied by Poppitz, Shadmi and Trivedi 
(PST) 0. The PST study, however, does not include the quarks of the standard model, 
and does not attempt to apply to particle interactions. 

2. Fundamental fields in SU(N) xSU(M) 

There are several scales involved in an SU(N) xSU(M) gauge theory. Let us denote the 
SU(N) scale as Ai and the SU(M) scale as A2. Following PST, we consider the dual SU(M) 
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of SU(M) gauge group. We take the viewpoint that it is more appropriate to describe in the 
dual theory SU(M) below the SU(M) scale A2. Thus below A2, the spectrum of the theory 
is SU(M) quarks q and q, and SU(M) singlet mesons M and leptons The scale defining 
SU(M) singlet mesons M will be described as /x. In the dual description, the SU(M) scale 
A2 is related to and A2 by [j^,^ 

Af Af = /i^^^+^S^ (3) 

where b^^= 3M - Nj and b^'^ = 3M - Nj are the coefficient of the p functions of the SU(M) 
and SU(M), respectively. Nf is the number of flavors in SU(M) and SU(M). Below A2, the 
number of fields transforming nontrivially under SU(N) is changed from that of above A2 
and hence the SU(N) scale must be redefined as Ai. The Ai must be calculable in terms of 
Ai, A2 and fi. These scales will be given after presenting the model. 

If we consider SU(N) xSU(3), only two extra flavors in addition to the three families of 
quarks are admissible.0 This is very restrictive. Therefore, a better scheme is to have an 
SU(M) gauge theory above A2 and QCD is interpreted as the dual of SU(M) below A2. The 
minimal representation for c-axion needs a representation {N,M) of SU(N)xSU(M) In 
addition to the PST fields, we introduce two more fields, the pre-up quark fields Rp, and 
the anti-pre-up quark fields Rr- Thus we introduced N+1 flavors in SU(M). These fields 
are shown in Table 1. 

Table 1. Global charges of the fields, including the R charges of fermions. 
Dots in the group representation columns denote singlets. 



Fields 


SU{N) 


SU{M) 


L 


c 


V 


A 


R 


R 


Rfermion 




Qaa 


N 


M 





-1 


1 


1 


1 


1 M 
^ Ni 


M 

Ni 




RaP 




M 







1 


1 


1 


1 M 


M 

N-i 




JXnp 




M* 








-1 


1 


1 




M 
Ni 








M* 








-1 


1 


1 




AI 

Ni 




J a 


N* 




-1 








1 


1 


1 _ M 


M 

Ni 


























1 




Am 




- 1 


















1 





^ The SU(M) singlet leptons can transform nontrivially under SU(N). 

^ Since we are interested in c-axion only, we do not pay attention to leptons. 
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Here the number of flavors Nj is 

Ni = N + l. (4) 

In Table 1, we have written which is not a relevant U(l) charge above the scale A2. It will 
be introduced below A2. Its entries are represented as irrelevant dots. There are four types 
of chiral fields plus gauginos. (Note that the SU(M) gauge interactions cannot distinguish 
and -R^-) Therefore, we considered five U(l) symmetries: L, C, V, A, and R. The V, 
A, and R charges are given as in Eq. (1). For SU(M) quarks, L charges are vanishing. The 
U(l)c is a subgroup of SU(A''i)i. Note that we have not introduced the weak SU(2). In this 
sense, this model is not realistic; but our objective here is to show the existence of c-axion. 

3. Global symmetries in SU(M) 

Suppose that A2 is larger than Ai. Below A2, we can consider SU(M) singlet mesons M, 
baryons B and anti-baryons B. For Nf = M + 1 flavors of SU(M) theory, it has been shown 
that it confines, leading to Nf baryons Bi and anti-baryons B^ where i = 1, 2, ■ ■ ■ , Nf. For 
Nf > M+1, the SU(M) singlet baryon number increases very rapidly. Seiberg |^ has shown 
that in this case it can be described by a dual gauge theory with the mesons M, dual quarks 
q and anti-dual-quarks q in the gauge group SU(Nj— M). The baryons and anti-baryons are 
SU(Nj- M) singlets formed with the dual-quarks and anti-dual-quarks. In our case the dual 
gauge group is SU(M), where 

M = N + 1- M. (5) 

The fundamental representation of the dual gauge group is M. The M fields are indexed 
by u. So the indices introduced so far run up to 



a 


= 1,2,- 


■■,N 


a 


= 1,2,- 


■,M 


V 


= 1,2,-- 


■,M 


A 


= 1,2,- 


■,M 


T 


= 1,2,- 


■■,N 




P,R = 


1 



Thus for Nf = Ni = + 1, greater than M + 1 but less than 3M, we have a dual 
description in the gauge group SU(M). In this dual theory, the quarks and anti-quarks, 
q and q, and SU(M) singlet mesons M will appear. These mesons are defined as d=l 
superfields, introducing a scale /i. 
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Table 2. Global charges of the composite and elementary fields below A2. 
Here Ni ^ N + 1 and M^i = M + AT + 1. 



Fields 


SU{N) 


SU{M) 


L 


c 


V 




R 






An 


Rn 


T (X 


N* 




-1 











1 M 


-1 


-1 


1 


1 


% 


iV 


M 


(J 


M 


M 
M 


-1 
i 


M 
Ni 


M 
M 


-1 

-i 


-1 
i 


-1 

i 




N 







-1 





-2 


r) M 

^Nl 





1 


1 


1 


MaR 


N 







—1 





—2 


9 M 





1 


1 


1 


p 




M 





NM 
M 


M 
M 


1 


M 
Jh 


M 
M 


-1 


1 


1 


-vT 




M* 








M 


1 


M 

Th 


M 





-2 









M* 








M 
~ M 


1 


A /f 

Ni 


IVl 

~ M 





-2 





M rro 
^ ocTP 














—2 


9 M 





1 


1 


1 


MaRP 









N 





-2 


9 M 





1 


1 


1 


Ajv 


















1 











1 






- 1 














1 











1 

















2 













X2JV-1 






— M 




M 


-Mat-, 




n 


n 


2A/'i 


IN 


I^N-M 






-M 


-M 


M 





2(A^-f ) 







































A 2N-ZM+2 
^^2 















2Ni 












Ni-2M 
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M = -{Q^^oT R^p)B$^j,. (6) 
/i 

These composite particles together with the lepton L are shown in Table 2. 

With the U(l) charges, which will be given later, one can calculate the charge of A 
according to 

6 Air 

^bo ^ ^2mr ^j^g^g r=—+i — . (7) 

These are shown in the lower part of Table 2. Except for gauginos the R charges are for the 
bosonic partners. We have not included the A and R charges in Table 2, because they are 
broken. The conserved U(l) combination is 

M 

B.^B--A. (8) 

The parameter ^ appears in the dual theory as given in Eqs. (3) and (5) |0. It is treated as 
a holomorphic variable. Thus the meson fields M introduces an additional global symmetry 
U(l)^. However, the conserved global symmetry above and below A2 must be four. Thus, 
Seiberg introduced a superpotential of the form (dual quark) -(meson) -(dual quark) 0]. We 
will construct U(l) charges such that this kind of supperpotential is generated at the scale 
A2. To guarantee the 't Hooft anomaly matching conditions [^, we will represent the U(l) 
charges in the form given in Eq. (1). Since we will be discussing SU(N) confinement at 
Ai, the U(l)'s must be of the form, U(l) subgroup of SU(A^i), U(l)y, U(1)a, and U(l)ij. 
Because these charges are relevant for the SU(N) confinement, a subscript is added. Then 
the four U(l) charges are 

Cn = L + V (9) 
V^ = L-§-^V- \Q, (10) 
An = -L+'SV-\Q, (11) 
R^ = R-M^L + i,V+(-\ + §-)Q, (12) 



which are also shown in Table 2. Note that the following superpotenial respects the four 
global symmetries and hence is generated at the scale A2, 



W ^q^iM^Tf"' +M„Rf'^«). (13) 

The dual quarks q will form SU(M) singlet baryons which is identified as the baryons 
constructed from SU(M) quarks Q P[, 



whence we can schematically write q, for the purpose of obtaining the U(l) charges, as 

^--^(QQ-'-QY^'' (15) 
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where the number of Q's are M. We considered only A2 and in the above equation since we 
consider strong SU(M). The powers ni and n2 are determined to give dimension 1 superfield 
q and appropriate U(l) charges. From one column of Table 2, we obtain 

1 , I M 

Til = — , and no = h — (16) 

2 ' 2 M ^ ^ 

With this definition of q we obtained all entries of the upper part of Table 2. A2 is calculable 
from the matching equation (3). Ai must be calculable in terms of /i, Ai, and A2, 

All columns of Table 2 without dots satisfy the identification of Ai given in Eq. (17). 

The global symmetries are physical at the long distance scale, which is culminated by the 
so-called 't Hooft's anomaly matching condition which states that whatever degrees of 
freedom one uses the global anomalies should match to render the same physics at the long 
distance scale. If the global anomalies do not match, the confinement is not obtained or the 
global symmetry in question is broken by the strong nonperturbative dynamics. The global 
symmetryf] below the scale A2 is SU{Ni)l x SU{Ni)r x U{1)v x t/(l)^. Since U(l)c is a 
subgroup of SU(A^i)2,, all the above U(l)'s satisfy 't Hooft's anomaly matching conditions. 

For the generation of the composite axion, one needs a scale at A2. Most plausible scale 
is the gaugino condensation scale of the SU(M) gauginos, 

< A2 ■ A2 >^ 0. (18) 



Here we simply assume the gaugino condensation |10 . 

We note from Table 2 that A2 does not carry any global quantum number; thus a 
dynamical scale provided by the SU(M) confinement is A2. 

Since we want to interpret SU(M) as QCD, we may have the condition N — M = 2. The 
dual description is possible for M-|-1<A^ + 1< 3M, which is satisfied for any M and N 
satisfying - M = 2. 

The scale fi must be comparable to A2, since the mesons will form at around A2. Even 
though we keep track of /i and A2, the magnitude of these scales will be set equal in the 
end. So A2 is also comparable to A2. Similarly, Ai is comparable to Ai. 

4. QCD and composite axion 

The largest scale below and A2 is supposed to be Ai. At Ai, the SU(N) gauge group 
is assumed to become strong. For the SU(N) to become strong at Ai, the SU(N) /3-function 
must be negative, which is always satisfied. The SU(N) gauge theory given in Table 2 
has + 1 flavors. Thus it confines, forming SU(N) singlet baryons l'^,(f{= u'^),m^ ,m^, 
and SU(N) singlet mesons K^t, Kar, N^^t, N^r. These mesons are also defined to be d=l 
superfields, introducing a scale ^n, similarly as we defined M's in Eq. (6). Below the scale 



^We can treat SU(N) as a global symmetry for a moment as far as SU(M) gauge force is concerned. 
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Ai, there survive three conserved U(l) charges. One anomalous U(l) is broken by the SU(N) 
instantons. These conserved charges are C^v, and which are shown in Table 3. 

The superpotential given in Eq. (13) gives mass terms for N^yx, N^r, f"'^ and f"^ at order 
Ai. There remains only one flavor of SU(M) quark, u'^{= g^),r^. Note that the surviving 
quark pair is not f"^ and r^. 

The QCD (3 function between A2 and Ai is positive for > 8. But it is negative below 
Ai due to the removal of N,yT, and their partners. We assume > 8. We can equate 
aQcoil GeV) and a^^W^ GeV), i.e. 

1 1 , Ar-8 , A2 8 Ai 

+ ^ log ^-7;- log 7 ' (19) 



aQCZ)(AQCD) «m(A2) 27r Ai 27r Aqcd 

implying 



Aqcd = A2 j , for AT > 8. (20) 

Because we introduced only one quark, we will not draw any phenomenological consequence 
from this relation. But we note that a similar behavior of generating a small Aqcd can be 
realized in a more realistic c-axion model. By construction, the global symmetries shown 
in Table 3 do not have SU(N) anomalies. Below Ai, the SU(N) confines and only SU(M) 
nonabelian groups survive. All the three global symmetries of Table 3 have SU(M) anomalies. 
For the fields to return to the original value after 2tt phase rotation, the U(l) quantum 
numbers must be integers. So the properly normalized Cn charges are obtained from those 
given in Table 3 multiplied by M and divided by the CCD. (= nc) of M and M. Similarly, 
the properly normalized R charges are obtained from the entries of Table 3 times Ni. Let 
the corresponding properly normalized currents are Jc^^-, Jy^-, and , which satisfy 



d,J^^ = -m{FF} (21) 
d,r^^ = N,{2M-l){FF} 

where {FF} is the SU(M) anomaly, (l/2)e^'''""F^^F^''„. If the coefficient of this anomaly 
is greater than 2, there can be a potential domain wall problem [0. However, the calcu- 



lation of the domain wall number depends on the model |12|. Actually there exists only 
one anomalous U(l) symmetry which is a combination of the above three. The other two 
nonanomalous symmetries identify the different vacua. If there is no massless quark, the 
number of degenerate vacua is given by |jl3 



AT^^ = G.CD. of A^i, A^i(2M- 1) (22) 

nc 

which is equal to the CCD. of A^i and MNi/ric- Probably, the inflation idea is necessary to 
remove the cosmologically dangerous domain walls if Now > 1- But the gluino condensation 
< AA > carries 2A^i units of A^i-Rat charge, gives the real domain wall number of Now/^G 
with ug = CCD of Nd]^ and 2^"!. Since Ni has been already considered in Eq. (22), the 
real domain wall number is Nd]^ for an odd Nd]^ and Nd]v/2 for an even A^^vk- 
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Table 3. SU(N) singlets. In the definition column, the SU(N) 
quarks forming the baryons are also shown. 



Fields 


Dennition 


bU(M) 




Vn 




K]\i{jerrmon) 


u'^{= q") 




M* 


MN 
M 


—N 


N 
Jh 


1 


L 


„a fa 


± 


AT 


AT 


N 
Ni 


1 


T 

171 




1 

± 


n 

u 


N 

1 V 


N 
Ni 


1 

Ni 


lib 


M rr. Mr, 


1 

J. 


n 


N 

1 V 


N 
Ni 


1 






M 


M 

_a7 





2 

Ni 


-1 + — 




ib^o^Rq^ 


M 


M 
M 





2 

Ni 


-1 + — 


Kat 




1 


-I 





2 

Ni 


-1 + — 


Kar 




1 


-1 





2 


-1 + — 


1 




A/T* 
IVI 


M 
M 


n 
u 


2N 
Ni 


1 -U 


jifR 




M* 


_M 

IVl 





2N 


_1 1 27V 

iVl 


p 




M 


M 
M 


-1 


1 

A^i 


-l + i 


Mtp 




1 





1 


1 

A^i 


-l + i 


Mrp 




1 





1 


1 


-l + i 


A 3M-1 
^^QCD 






M 






2M-1 



5. Yukawa terms and quark masses 

Let us discuss the possibility of generating the light quark mass. The superpotential 
generated at the SU(N) confining scale is |Q 

N+l 

■ ■ ■ K,,^,t^K,,t^^, + l^KAT.m^' + u'^N.T.m^^ (23) 
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where {Ti} = {T,R} = {1,2, ■ ■ ■ , N; R} and {U} = {1,2, ■ ■ ■ ; N, R}. There remains a 

massless quark with the above superpotential. 

The global symmetries we considered so far are respected by the gauge interactions. Any 
additional terms in the superpotential would violate some of the global symmetries. But 
these additional terms should be sufficiently small so that the exact results we derived are 
intact. One possible superpotential we can add is vRaj^Rf^ where v -C /i. Another possible 
superpotential is e{fiN / f^)L'XQaa{QTi) ■ For this not to interfere with the SU(N) strong force, 
we require e -C 1. One can also introduce nonrenormalizable interactions of the form, 

where Mpi is the reduced Planck mass. Without the nonrenormalizable interactions, one 
cannot give a mass to u. Just for the mass generation the first term is enough. Then the 
full superpotential below the scale Ai can be expressed in terms of SU(N) singlet fields as 



W = iiNT^^^N^n + r^MpT.f"'^^ - (Det. term) + l^KAT^rn^^ + vyN^^rn^^ 

+ viiMnp + Et, e^^%KAT, + j^Mj,^, + ^^1t, (25) 

where the repeated indices imply summations. For supersymmetry, we require for example, 

= - Er KATm^ - Kartti^ = (26) 

S = - Ea I^Kar - u^N^R = (27) 

= -l^m^ + e^^l + '-^Kar = (28) 

^ = rlf^^ + vf,+ '^MnP = (29) 

^ = f^NN.R + t^Mrp = 0. (30) 

Eqs. (29) and (30) determine 

(/) Mrp = others = 0, or 

(//) N^R = 0, Mrp = 0, < r^f-^^ >= -vii. 

Eqs. (26) - (28) determine 

(A) K = Q, < u'^Kr >= 0, < l^m^ >= en%, or 
(B) m^ = 0, 1^ = 0, K^-^ 

where K =< Kat >=< Kar >■ Solution (11) is expected to break the color symmetry. 
Solution (B) has a huge vacuum expectation value for Kar, which may not be preferred in 
the inflationary scenario starting from the origin. Thus, we take Solution (lA). 
Then the mass matrix for {u'^, f"^) x (rf , N^p)'^ is, by taking < >—< >, 

In the limit of <^ /in, we obtain 
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rriu . (32) 

Depending on the parameters, can be sufficiently small. Thus the u quark can be made 
massive,^ which is accomplished by the introduction of a small parameter v which may be 
generated by a Higgs potential. Thus, the anomaly considered in Eq. (21) cannot be rotated 
away by the redefinition of a massless quark. 

Introduction of the superpotential destroys some of the global symmetries. If all the 
global symmetries are broken by the superpotential, then the c-axion may be too massive. 
In our case, the global charges carried by the new terms are multiples of those carried by 
RapRx^ (or MpTi) and L'^QaaQri -^atJ- Therefore, only two global symmetries are 
broken, leaving one anomalous global symmetry Qpg = Rn + {'2INi)Cn — {)-INi)Vn- For 
M > 8, the PQ symmetry violating operator tai-.-aMRti ' ' ' sufficiently small, and 

the c-axion solves the strong CP problem. 

We assumed that the Goldstone boson {c-axion) is created by breaking i? by < A2 • A2 >. 
Then the axion scale Fa is the U(l)^ breaking scale. 



< A2 • A2 >2/3 + < Ai • Ai >2/3. (33) 

This gaugino condensation may be realized by introducing supergravity interactions. How- 
ever, it is difficult to study the full supergravity Lagrangian. On the other hand, we pretend 
to reproduce the symmetry properties and its spontaneous breaking via an effective super- 
potential in terms of gauge singlet fields. 

The relevant superpotential is taken as |T^ 



(Ai$T + m^)S+(A2$T + m^)^' (34) 

where $, S and S' are gauge singlet fields and T is the effective chiral field for gaugino 
condensation. If the couplings Ai 2 are tuned to small values (arising only through super- 
gravity interaction), the discussion we presented so far is almost intact. This superpotential 
is chosen so that it preserves the R symmetry with S*, S' and $ carrying 2, 2, and -2 units of 
R charges, respectively, and also it breaks supersymmetry through nonzero value of T and 
$ for Ai 7^ A2. So it has the phenomenologically anticipated properties of this paper. The 
supergravity interaction contains a term |jl5|] 

\Mp,e-<'/'G\G-yj:,,\-\^. (35) 

With a gauge kinetic function / ~ 1 + a$/A2, we obtain the coupling ~ $AA. This term 
can arise from the cross terms in \dW/dS\^ + \dW/dS'\'^. Here, we have not shown that 
W results from supergravity, but mimick some aspects of supergravity in terms of W. Of 
course, Eq. (35) is proportional to the gravitino mass, whence the overall coupling in W 
is proportional to the gravitino mass. If we introduced W independent from the gaugino 



^In a real application, it may be the t quark mass. 
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condensation, i.e. T is not the gaugino condensation, then the R symmetry breaking leads 
to a fundamental invisible axion IITB . 



6. Conclusion 

In conclusion, we exploited an interesting class of SU(N) xSU(M) models, attempting to 
interpret the known quarks as the dual particles, and studied the global symmetries and 
their breaking by possible terms in the superpotential. There results a c-axion. For the 
extra factor group SU(N), we motivated its rationale through generation of a c-axion which 
require a representation of the type (N,M), implying a strong force at the intermediate scale. 
This intermediate scale can be the world where the duality idea is physically applicable. 
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